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PROCESS FLUID MECHANICS provides a fully comprehensive,
etailed, and orderly treatment of the essentials of fluid mechanics
oth from the macroscopic and microscopic viewpoints. Author
'Morton M. Denn has organized his excellent treatment into an in-
troductory segment; four sections devoted to the subjects of dimen-

‘mmOUE analysis and experimentation, macroscopic balances, detailed
flow structure, approximate methods, and a final section dealing
with advanced topics.

-Ovm:mbm chapters discuss the nature of macro- and microscopic flow
problems, physical units employed, and physical properties. This
Sfoundation is followed by the section on dimensional analysis and ex-
-ﬁnl—ﬂnﬂmﬁwo? which includes chapters on pipe flow and the flow of
particulates, including flow through porous media. Part three pre-
'mnaw clear discussions of macroscopic balances and their practical
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applications.

_Detailed flow structure is treated in the chapters on microscopic
balances, one-dimensional flows, accelerating flow, and converging °
flow. The fifth section of PROCESS FLUID MECHANICS ad-
dresses approximate methods, with coverage of ordering and ap-

lmﬂoxrdmaouv creeping flow; the lubrication approximation; stream
function, vorticity and potential flow; and the boundary layer ap-
proximation. The final section treats turbulence, perturbation and
lu:ﬂninm_ solution, two-phase gas-liquid flow, and viscoelasticity.
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264 Chap. 12 Creeping Flow

independent of r and 8, and obtain an expression for v, in terms of v..
b) Show that p is independent of r and equals —# dv./dz. (Hint: Consider
a,, at the outer radius of the liquid column.)
¢) Show that v, = I'z, where I may be a function of .
d) For a constant imposed force, show that L/L, = (1 — Fr/34,%)~1, where
Ly and A, are the initial length and area of the liguid column.
(This analysis is a first step in describing the process of continuous filament
drawing to form fibers.)
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12.8. A small bubble is formed and grows in a large container of an isothermal
Newtonian liquid. The pressure in the bubble (relative to the qguiescent
liquid far from the bubble) can be related thermodynamically to the superheat
required for the bubble to grow. Obtain the relation between the bubble radius
at any time, R(t), and the bubble pressure. Inertia of the fluid being pushed
away by the growing bubble may be neglected,

12.9. In commercial compression molding a cold fluid may be placed between hot
plates, causing a viscosity gradient. As a first approximation to this problem,
repeat the analysis for the squeeze film, Sec, 12.4, for the case in which the
viscosity is a known function of position between the plates: 7 = #71(z). (v,
can be expressed explicitly in terms of an integral of a function of 7(z) for the
case in which # is symmetric about the center plane. The problem is slightly
easier if the origin is taken at the center plane, with each disk moving towards
the center with velocity ¥/2.)

The Lubrication
Approximation

13.1 INTRODUCTION

The lubrication approximation is a simplification that applies to flow between
“nearly parallel” surfaces. This approximation was first used by Reynolds in
1886 in a study of lubrication, hence the name. The common name of the
procedure is unfortunate, however, for it implies an unduly restrictive range
of applications; the lubrication approximation is fundamental to the study of
polymer processing, where it forms the basis for the analysis of extrusion,
coating, calendering, and molding operations. It is, therefore, one of the
most important methods of approximate solution of the Navier-Stokes equa-
tions.

We shall first introduce the lubrication approximation in an intuitive
manner, and this introduction may suffice for some readers. We shall then
develop the formalism through a more careful ordering analysis and consider
further applications.

13.2 INTUITIVE DEVELOPMENT

Consider the pressure-driven flow of an incompressible Newtonian fluid
between converging planes with a very small half-angle ., shown in Fig. 13-1.
If the walls were perfectly parallel (¢ = 0) this would simply be the problem
of plane Poiseuille flow studied in Sec. 8.2, with a parabolic velocity profile
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wall at y = H(y)
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Figure 13-1. Schematic of pressure-driven flow
slowly converging walls,

-5~ 6]
8 m dx H
(We have retained d®°/dx in place of A®/L for reasons that will become obvious

shortly.) Similarly, using Eq. (8.14) we may write the flow rate per unit width,
q, as

in a plane channel with

given by Eq. (8.12):

v, (13.1)

b: n-@._
= Uﬂ%l mmu (13.2)

If the angle & is small, we may reasonably expect the flow to be nearly the
same as flow between parallel walls, so we expect Egs. (13.1) and (13.2) to
apply, except that H is now a Jfimction of x. The flow rate is a constant at all
values of x, so it follows from Eq. (13.2) that d®/dx must vary as H ~3(x) and
cannot be a constant.

The power consumption depends on evaluation of O..; compare Sec.
10.7. The viscous stress term 25 dv, /dx is zero for flow between parallel walls,

so the power consumption is simply equal to the product of flow rate and

pressure drop. For flow between nearly parallel walls we may obtain du,/dx

by differentiation of Eq. (13.1); the result is proportional to dH|dx, which is
equal to & for small &, and hence may be neglected. To within the small-
angle approximation, therefore, the power consumption is again determined

solely by the pressure drop. The pressure drop is obtained by rewriting Eq.
(13.2) as an eguation for @,

mm e %ﬁv (13.3)

This is integrated to
A® = —12g [ H-(x) dx (13.4)
with a power consumption B .
P=gq|A®|=12n¢* [ H3(x)dx (13.5)

x1

When the equation for the linear function H(x) is substituted into Eq. (13.5),

we simply obtain Eq. (10,66). This is plotted in Fig. 10-8, where we see that
the assumption of nearly parallel flow is good up to a half-angle of about 15°.
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Sec. 13:3 Ordering Analysis

of course, that the length of the conduit be long compared to the

average spacing between the walls, so that we may assume fully developed
flow at all positions.

X

Figure 13-2. Schematic of a channel with slowly converging curved walls.

2

: 13.3 ORDERING ANALYSIS
| We will develop the lubrication approximation for two-dimensional plane
flows, but, with obvious changes appropriate to a different coordinate SVs-
tem, the results will clearly apply to axisymmetric three-dimensional flows as
well. The geometry shown schematically in Fig. 13-3 is the basis for the
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Figure 13-3, Schematic of a slider block. The bottom surface moves rela-
tive to the upper surface with velocity U. The spacing and change in spac-
ing are both small relative to L.

I_Il.

ordering analysis. The lower surface moves at velocity U relative to the upper
surface. The geometrical parameters satisfy the following inequalities:

.\,m. w
T X1 (13.6a)

H

- B <1 (13.6b)

267 B
It should be noted that nothing in the derivation of Eq. (13.5) in fact __@].f
requires that H(x) be linear. The conduit could have a nonlinear shape, as V L M\ 1
shown in Fig. 13-2, as long as the slope dH|/dx is always small. In that case Eﬂ..ﬂ\x'. 4o
can still compute A® and P as lon g as the function H(x) is known. We require \wx 1m..
separately, .
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' 268 Chap. 13 The Lubrication Approximation

Equation (13.6a) is the assumption of a long flow channel, and Eq. (13.6b) is
the “nearly parallel” assumption. We will be dealing at all times with flows
for which the inertial terms are negligible,* as we shall show in Sec. 13.7. Our
starting point is therefore the creeping flow equations for an incompressible
Newtonian fluid, which for a two-dimensional planar flow have the form

) mw %ﬁé (13.7)
_ _aé@ d*v, |, %,
0= —5 +2(5% + 57) (5

_9® , (3%, %sv (13.8b)

V= dy x_.aAm..Hp +ﬁ.cw
To carry out an ordering analysis we will need to express the flow equa-
tions in dimensionless form. The significant feature of this problem is that it
contains two characteristic lengths, The characteristic length in the y direc-
tion is clearly a spacing between the surfaces ; to be specific we may take H,,
since H, and H, do not differ significantly. There are also changes in the x
direction, however, and these take place over a distance of order L: thus, L
is the characteristic length in the x direction. The dimensionless coordinates
are therefore

=0 Ry m_ ¥
=2 5= (13.9)

The characteristic velocity in the flow direction is clearly the linear veloc-
ity of the lower surface, U. There will also be some flow in the y direction,
however, since the walls are not parallel. This y-direction flow will be charac-
terized by a velocity that is different from U, and we shall denote it as V. Vis
an unknown at this stage of the development and must still be determined.
Recognizing this fact, we write the dimensionless velocity components as

I B 5
=% 6=3 (13.10)
Finally, the dimensionless equivalent pressure is written
@
= i (13.11)

The characteristic pressure, IT, must also be determined.
It is convenient to consider the dimensionless equations one at a time.

The dimensionless continuity equation, Eq. Qmﬁd. is

Uds, , Vv
— o=t 2= 10 13.12a
L3 TH % {5ika)

*Recall that the inertial terms vanish identically in perfectly parallel flows of the type
studied in Chapter 8.
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or
UHN\GD, |, 0% =
T\,Hvu.m +3%=0 (13.12b)

The dimensionless group UH,/VL must be of order unity. This follows by
considering the consequences of any other choice. If UH,[VL is large com-
pared to unity, then the 3%,/0% term in the dimensionless equation (13.12)
will dominate and 07,/07 can be neglected: in that case, the equation sim-
plifies to 8%,/0% = 0, which contradicts the necessity of allowing v, to vary
with x as the spacing changes. Similarly, if UH,/VL is very small compared
to unity, we may neglect the a7, /d% term relative to d7,/07; in that case, the
equation simplifies to d7,/d7 = 0, and the boundary condition requiring o,
to vanish at the wall then requires that 3, be zero everywhere, which is a con-
tradiction in a changing cross section. The continuity equation therefore
defines V by the requirement that UH 1/ VL be of order unity:
=—: E
L
Note that, consistent with one’s intuition, ¥ < U for this nearly one-dimen-
sional flow.
We now turn to Eq. (13.8a), the x companent of the momentum equation.
In dimensionless forni This 1s Written
2 A2z 235
0=+ G5 ww
One simplification is immediately obvious. Since H, /L < 1, the x-derivative
term in the brackets may be neglected relative to the y-derivative term. This
is consistent with our intuitive understanding that rates of change in the ¥
direction are much larger than rates of chan ge in the x (flow) direction. We
may thus rewrite Eq. (13.14) as
@z 98 _ o,
nUL) dx — gi*
The two terms in Eq. (13.15) must be of comparable magnitude, since neither
term can dominate without introducing a contradiction; indeed, for parallel
walls Eq. (13.15) is simply a statement of the balance between the pressure
drop and shear stress terms, Thus, the dimensionless group TTH HnUL must
be of order unity, and we obtain an expression for the characteristic pressure:

(13.13)

(13.15)

— nUL
o= Ve (13.16)

Finally, we consider the y component of the momentum equation, Eq.
(13.8b). In dimensionless form, using Eq. (13.16) for II, this is written

—
nULI® | qU [(H\* 0%, , %]
Cos H3 mw.rhlﬁﬁﬂ_v 7= T3 D
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As before, we may neglect the x-derivative term in the brackets relative to
the y-derivative term. Thus, we can write Eq. (13.17) after some simplifica-
tion as
P _ (H\*é%, _
5= Aﬂv 5= (13.18)
All the characteristic quantities have been defined, so there are no more
degrees of freedom. We must therefore conclude from Eq. (13.1R) that, to
within the approximation that H,/L < 1, %/ is negligible and ® is a Sunc-
tion only of X. This is a primary result—that we may neglect variations in the
pressure over the width of the channel.
We can summarize the ordering analysis by rewriting Eqs. (13.15) and
(13.18) in dimensional form:

® = ®(x) (13.19)
de d*v,
== I (13.20)

These are the equations that describe flow between parallel walls, except that
d®/dx need not be a constant and », may depend on x as well as on ¥

13.4 LUBRICATION EQUATIONS

Equations (13.19) and (13.20) are the basic equations for the lubrication
approximation. Because of their very simple structure they can be solved
directly and expressed in alternative, more useful forms. Because d®[dx is
independent of y, Eq. (13.20) can be integrated twice to give

1 de .,
Flwmmw.w + Cy + Cs (13.21)
The “constants” of integration C, and C, are independent of y, but they will
depend on x. If we take the origin of the y coordinate at the moving surface,

we have boundary conditions

aty=0: v, =U (13.22a)
aty= H(x): v,=0 (13.22b)
C, and C; can then be evaluated to give
T T (0 13.23
n= U= o]~ g e — s Ll

Equation (13.23) is simply the equation describing the velocity distribu-
tion between two flat plates with an imposed pressure gradient. In this case,
however, we do not know the pressure gradient. This is a typical situation in
applications of the lubrication approximation. We may not know the flow
rate between the plates either, but we do know that it must be the same at all
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values of x. Defining g as the flow rate per unit width, we have
) Hix)
= b v, dy = constant (13.24)
and, carrying out the integration of Eq. (13.23),

__UH(x) H(x)d®
ge R (13.25)

Equation (13.25) is sometimes taken as the starting point for the lubrica-
tion approximation. It can be looked upon as an equation for d®/dx and
rearranged to

dP U q
& = 1 2775 ~ ) =

or, integrating once,

... 1 iy 5 dx
Plx) =@, + maQ.h T~ qum.h B0 (13.27

®, is a constant of integration that represents the pressure at x = 0. Finally,
a useful éxpression relating the flow rate, q; the relative velocity, U; and the
overall pressure change, ®, — ®(L): can be obtained by setting x = L in Eq.
(13.27) and rearranging:

0, —ow vyl H@dx
124 ‘ﬁ H(x)dx 2 ﬂ H-(x) dx

g= (13.28)

For the case in which U = 0, this is simply Eg. (13.4). Note that although
Fig. 13-3 is drawn with two plane surfaces, H(x) can in fact be any function
of x as long as dH/dx is small compared to unity.

13.5 COATING

We analyzed the problem of wire coating in Sec. 8.5. The treatment there was
somewhat oversimplified in that we took the die to be of uniform cross sec-
tion and assumed that the reservoir pressure was atmospheric. The real situa-
tion is more likely to be like that shown in Fig. 13-4, with a possible pressure
drop between the reservoir and the die exit. We will analyze this flow here for
the coating of a sheet rather than a wire, in keeping with the two-dimensional
equations developed in this chapter. The case of a wire die is identical, except
that the equations for axisymmetric flow are used. The sheet case applies to
the wire as well when the maximum spacing between the wire and the die
wall is small compared to the radius of the wire.
The coating thickness H, is related to the flow rate by the equation

q=UH, (13.29)



